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spontaneous time-reversal symmetry breaking  
in the quantum spin Hall effect
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also Xu & Moore PRB 73, 045322 (2006)

tangent fermions allow access to this effect on a 1D lattice
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Tangent fermions:  
lattice fermions with a topologically 
protected Dirac cone
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insulating bulk with 
gapless Dirac cones 
on the surface, 
protected from 
localisation by time-
reversal symmetry

can we discretize H without gapping out the Dirac cone?
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Fermion doubling

neutrino billard: GUE graphene: GOEboth these methods break the symplectic TRS

a classic problem in high-energy physics (lattice QCD)

Susskind fermions
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How to avoid fermion doubling 

on a lattice p→a-1sin pa (periodic in 2π/a), producing a Dirac cone at p=0 and at p=π/a 
avoid the doublers by making them massive:

Wilson or Susskind fermions – TRS broken
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tangent dispersion (Stacey, 1982) preserves TRS,  
with a nonlocal hopping: 
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Restoring locality
the tangent dispersion E=2tan(p/2) can be obtained from a local 
generalised eigenproblem 

2D generalisation:
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arXiv:2103.15615
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tangent fermion tensor network
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Matrix-Product-Operator (MPO) representation of the Hamiltonian

matrices Mn depend  
only on site n  

Q: is this possible with a dimension of Mn that does not grow with N?

YES any dispersion of the form with P and Q 
polynomials in eik, has an MPO representation of fixed bond dimension

arXiv:2407.06713
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helical Luttinger liquid with Hubbard interaction

exact MPO representation 
with fixed bond dimension 6

tangent dispersion:
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power law scaling 

is broken by two-particle 
backscattering if K<1/2 

+H.c.]
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spontaneous time-reversal symmetry breaking  
in the quantum spin Hall effect
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first two excited states as a function of system size

HU2=0 HU2≠0

ground state becomes 
doubly degenerate
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Summary:

12

• tangent fermions: space-time discretization of the Dirac equation 

without fermion doubling and without zone boundary singularities 

• gapless Dirac cone protected by time-reversal & chiral symmetry 

• efficient quantum Monte Carlo and tensor network implementation 

• vector potential can be included in a gauge invariant way 

• applications: Casimir effect, Klein tunneling, Majorana metal, QSHE
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arXiv:2601.09563

arXiv:2302.12793

thank you so much for 20 years of memorable meetings


