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Periodic table of topological insulators & SC

AZ class\d 0 1 2 3 4 T P C

A 7 0 Z 0 7 0 0 0
Alll 0 Bott periodicity 0 Z 0 0 0 1
Al 0 0 + 0 0
BDI 0 0 + + 1
D 0 0 + 0
DIII — + 1
All 0 0
CII - 1
C — 0
CI — 1

A. P. Schnyder, S. Ryu, A. Furusaki, and A. W. W. Ludwig, PRB 78, 195125 (2008)

A. Kitaev, AIP Conf. Proc. 1134, 22 (2009)



Algebraic relation between P T and R symmetries

AZ symmetry classes + crystalline symmetry =» Crystalline topological insulators (TCIs)

Liang Fu, Phys. Rev. Lett. 106, 106802 (2011)
"effective” symmtries Hy(k) = ~ULH4(—k)*"Up  Hy(k) = ULHy(—k)"Ur

L> spin-1/2: T = 09K, T2=—-1 + unitary symmetry {’7'7 UX} — 0
"effective” T T2 = (TU X)z =1

Ambiguity of algebraic relation between unitary & antiunitary symmetries
TRT =R wm) T(R)T' = —(iR) R2 =1

Anticommuting example R, x -> -x:

ﬂg\ﬂ R=o0, {T,R}=0




Big table for TCls with reflection symmetry

AZ class T P C MSC d=1 d=2 d=3 d=4 d=5 d=6 d=7 d=38
AIIl 0 0 1 R, AII2 0 MZ 0 MZ 0 MZ 0 MZ
R_ A Z! 0 A 0 A 0 Z! 0
A 0 0 0 R A? MZ MZ 0 MZ 0 MZ 0
Al + 0 0 R.? A2 MZ 0 0 0 2MZ 0 Z Z
R_ A 0 0 2M7Z 0 0 Z MZ 0
BDI + 4+ 1 R,.® BDI? 7 MZ 0 0 0 2MZ 0 Z,
R__ AIII 0 0 0 2MZ 0 0 Z, MZ
2 or 4 subclasses | R+ Al 27! 0 0 oz 0 Zo Zy
R_, D 27, 0 2M7Z 0 27 0 2MZ 0
D 0 + 0 R.” D2 Z, Z MZ 0 0 0 2MZ 0
R_® A MZ 0 0 0 2MZ 0 0 Z
DIII - 4 1 Ry, DIII? 0 Z Z, MZ 0 0 0 2M7Z
R__P AIIl Z, MZ 0 0 0 2MZ 0 0
R,_ All 2MZ 0 27 0 2MZ 0 0 27
R_, D 7 Z A 0 0 0 27! 0
All — 0 0 R, AII? 2M7Z 0 Z, Z, MZ 0 0 0
R_P A 0 Z MZ 0 0 0 2MZ 0
cl - 1 Ry, CII2 0 2MZ 0 Z» Z MZ 0 0
R__ Alll 0 0 Z» MZ 0 0 0 2MZ
R,_ All 27! 0 Z, Z, VA 0 0 0
R_, C 27 0 2M7 0 27 0 2M7Z 0
C 0 -0 R.¢ 2 0 0 2M7Z 0 Z 7, MZ
R_ A 2MZ 0 0 Z, MZ 0 0 0
CI + - 1 R,.¢ CI2 0 0 0 2MZ7 0 Z Z MZ
R__ AlIl 0 2MZ 0 0 Z MZ 0 0
R,_ Al 2MZ 0 27 0 2MZ 0 0 27,
R_, C 0 0 27! 0 Z Z VA 0

C.-K. Chiu, H. Yao, and S. Ryu, Phys. Rev. B 88, 075142 (2013)



Bott periodicity from the scattering matrix

Dimensional reduction

| H; (k) = r(k), withchiral symmetry, (3.4a)
’ . 0 rk ’h .

||' rak )ik ) Hy_(k) = A o0 ) without chiral symmetry.

\ '4_—

particle-hole symmetry
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|. C. Fulga, F. Hassler, and A. R. Akhmerov, Phys. Rev. B 85, 165409 (2012)



Bott periodicity for TCls

Antiunitary symmetries  Hy(k) = ~UbHy(-k)*Up  Ha(k) = UF-Ha(=k)*Ur

Unitary symmetries Hy(k) = Ul Hy(k)Ue Hy(k) = UL Hy(Rk)Ur

Leads need to be attached in a reflection symmetric way
=>dimensional reduction down to d=1

Bott periodicity for complex AZ classes AR 4= AR+ 4=l AR
2 period-two sequences
ACR L ATIIR- 42h ACR

new subclass, C (chiral) and R (reflection) symmetries broken, CR still the symmetry

real AZ classes 4 period-eight sequences

Cres L4 ol |20 s 5 AR 8 DR+ 255 DR+ 454 BpIR++ 455 AR+ A2 OrRe
CIR-- 421 oR- 2L onR—- 4L AT R- 2L pripR-- 424 pR- 2L gprR-- 4oL A1R- 2oL R
CIR—+ L R+ 2L oqrRe- AL ATICR-| 424 ppR—+ 224 DR+ L DR+ L ATCR L 1R

Ry d-—1 CR_| d—1 R_y d-—1 CR.| d—1 Ry d—1| ~CR_| d-1 R_4 d—1] CR4 d—1 R
CI —|C — CII —|AII — DIII D — BDI — Al — CI




Topological classification with R-symmetry

Hamiltonians defined on half of the BZ

at arbitrary k-point H in H,
at mirror planes H in M,

-TT T
=> relative homotopy group 71 (Ho, Mo).
R-symmetry
Exact sequence (d=1) "]{O % %
’il .1 (S 7:0
ﬂl(Mo)%ﬂl(Ho)‘L)Wl('Ho,Mo) —>7T0(M0) ‘-)7'('0(7‘[()) \
generators:

p=7j1()+ 6 Ly

2
topological classification, MO

definition of topological indices
generators (Hamiltonians)




Results of the classification

second descendant Z,

complex AZ classes

real AZ classes

AT | ¢ | CI 0 0 0 | 27°
BDI®+- || CI | AI 7> 0 0 0
D*¢+ || AT |BDI || 72 | 72 0 0
DIIT*-+||BDI| D 75 | 75 | 7° 0
AII™C- || D |DIII|| © 73 | 73 | 7*
CIT™+- ||DIII| AII || 2% | 0O 75 | 75
CRc+ |[ AIl| CII 0o [22°] o | 73
CI*-+ |[CII| C 0 0 [22°] 0
AICH | D |BDIL|| 0 27 0 Z
BDI®-+ ||DIII| D Z 0 27, 0
D¢~ || AII | DIII|| © Z 0 27
DIIT®+- || CII | AIL || 2Z 0 Z 0
AR+ || C | CII 0 27 0 Z
CII*-+ || CI| C Z 0 27, 0
CRC- || AT | CI 0 Z 0 | 27
CI®+- |[|BDI| AI 27, 0 Z 0

class || Ho | Ry ||[d=1|d=2|d=3|d=4
AR ATl | AT? 7 0 7 0
ATITR+ || AIIT| ATIT? || O 7 0 7
ACK A |AIIL|l 0 72 0 72
ATITR- [[ATII| A 7* 0 72 0
A= ||AII| A 0 0 27, 0
IBDRR_-[[CcIi [ ATIT || © 0 0 | 27
D®- T A Z 0 0 0
DIIT=-- || CI Zo Z 0 0
AIT™- || AT | A Zo | Zs Z 0
CII™-- ||BDI| AIIT || © Zo | Zo Z
- D | A 27, 0 Zo | Zo
CI®-- ||DIII| AIIT || © 27, 0 Zs

class Ho | Ry ||[d=1|d=2|d=3|d=4
AT+ Al | AT? Z 0 0 0
BDI®++ || BDI|BDI?|| Z- Z 0 0
DR+ D | D? Zo | Zo Z 0
DIIT®++ || DIIT|DIII?|| 0 Zo | Zo Z
ATTR+ || ATI | AII? || 2Z 0 Zo | Zo
CIT®++ || CII | CIT? 0 27, 0 Zo
CR+ C | C? 0 0 27, 0
CI®++ || CI | CI? 0 0 0 27,
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